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The Complex Ginzburg-Landau equation is studied assuming a directed network of coupled oscil-
lators. The asymmetry makes the spectrum of the Laplacian operator complex, and it is ultimately
responsible for the onset of a generalized class of topological instability, reminiscent of the Benjamin-
Feir type. The analysis is initially carried out for a specific class of networks, characterized by a
circulant adjacency matrix. This allows us to delineate analytically the domain in the parameter
space for which the generalized instability occurs. We then move forward to considering the family
of non linear oscillators coupled via a generic direct, though balanced, graph. The characteristics of
the emerging patterns are discussed within a self-consistent theoretical framework.
PACS numbers: 89.75.Hc 89.75.Kd 89.75.Fb
I. INTRODUCTION
Spatially extended systems can organize in space and
time yielding collective macroscopic patterns [1–4] . In
many cases of interest, self-organization follows a sponta-
neous symmetry breaking instability triggered by random
fluctuations of a uniform equilibrium [5–12]. The im-
posed perturbation seeds a resonant amplification mech-
anism that can eventually crystallize in striking motifs,
a coordinated patchy-like assembly of shapes and forms.
Patterns are widespread in nature [13]. For this reason, it
is of paramount importance to systematically elaborate
on the key ingredients which fuel the propensity of many
body systems towards unsupervised pattern formation.
Modulational instability occurs for instance when devi-
ations from a periodic waveform are sustained by nonlin-
earities, leading to spectral-sidebands and the breakup of
the waveform into a train of pulses. This is the so called
Benjamin-Feir (BF) instability [14], named after the re-
searchers who first identified the phenomenon working
with periodic surface gravity waves (Stokes waves) on
deep water. The BF instability is often illustrated in
the framework of the Complex Ginzburg-Landau equa-
tion (CGLE) [15, 16], a paradigmatic model for non lin-
ear phenomena, whose applications range from supercon-
ductivity, superfluidity and Bose-Einstein condensation
to liquid crystals and strings in field theory.
In a recent paper [17], we revisited the BF instability,
by operating with the CGLE modified with the inclusion
of a drift term. A generalized class of BF instabilities was
shown to occur instigated by the drift, and outside the
region of parameters for which the conventional BF in-
stability is expected to manifest. These conclusions have
been reached for a CGLE embedded in a continuum, one
dimensional, spatial support. In many cases of interest
it is however more appropriate to consider a finite pop-
ulation of discrete non linear oscillators [18, 19]. These
latter occupy the nodes of a network [20–25], links pair-
ing interacting oscillators. Particularly relevant for our
purposes is the case of an asymmetric network of con-
nections. When reaction-diffusion systems are placed on
directed, hence asymmetric graphs, patterns can arise,
even if they are formally impeded on a continuum domain
or on discrete spatial medium [26, 27]. Directionality in-
duces an effective degree of spatial anisotropy, analogous
to drift in the continuum limit, which can actively pro-
mote a pattern forming derive. The conditions for the
onset of an asymmetry driven instability, reminiscent of
a Turing like mechanism, for a multi-species reaction dif-
fusion model constrained to evolve on a directed graph
have been worked out in [26]. In this case, the pertur-
bation is acted on a homogeneous fixed point, namely a
time independent equilibrium for the reactions terms.
Starting from this setting, the aim of this paper is to re-
visit the analysis in [17] for a family of non linear coupled
oscillators, hosted on a directed network. To this end, we
initially specialize on a peculiar class of networks, char-
acterized by a circulant adjacency matrix. This choice
enables us to progress analytically in delineating the re-
gion of the relevant parameters space for which the gen-
eralized BF instability is predicted to hold. As in [17] the
homogeneous limit cycle, perturbed by a tiny externally
imposed disturbance, can give rise to traveling waves or
patchy intermittent patterns, which share a striking sim-
ilarity with those obtained in the region classically de-
puted to the BF instability. In the second part of the
paper we consider instead an ensemble made of non lin-
ear Ginzburg-Landau oscillators, coupled via a generic
direct graph. The conditions for the asymmetry driven
BF instability are worked out by generalizing the ap-
proach of [26] to a setting where the homogeneous solu-
tion depends explicitly on time. As we shall clarify in the
following, by tuning the topology of the network of con-
nections and consequently changing the spectrum of the
2associated Laplacian operator, can prompt an instability
of the generalized BF class.
The paper is organized as follows. In the next Sec-
tion we will introduce the reference model. In Section
III we shall consider the CGLE defined on a periodic
lattice, modified with the inclusion of asymmetric long-
range (next-nearest neighbors) links. Working in this
setting we will determine the conditions that control the
outbreak of the generalized BF instability. The phe-
nomenon is also substantiated numerically. In Section IV
we will turn to considering the case of a generic, though
balanced, directed network. Finally, in the last Section,
we will sum up and draw conclusions.
II. THE MODEL
Consider an ensemble made of N non linear oscillators
and label with Wj their associated complex amplitude,
where j = 1, ..., N . We shall hereafter assume that each
oscillator obeys to a CGLE. Oscillators are placed on the
nodes of a network: their mutual interaction is specified
by a discrete Laplacian operator. Assume A to label the
(potentially weighted) adjacency matrix of the network
of contacts and denote by kj =
∑
k Ajk the connectivity
of generic node j. Then, the entries of the associated
Laplacian matrix ∆ are defined as ∆jk = Ajk − kjδjk.
The spatially extended CGLE that we shall hereafter an-
alyze can be hence cast in the form:
d
dt
Wj = Wj−(1+ic2)|Wj |2Wj+(1+ic1)
∑
k
∆jkWk (1)
with c1 and c2 real parameters. In the following, we
will solely consider perfectly balanced networks, namely,
graphs characterized by an identical number of ingoing
and outgoing links. The above Eq. (1) admits there-
fore an homogeneous limit cycle solution of the form
Wj ≡WLC = exp(−ic2t), ∀j. This latter is here termed
the limit cycle (LC) solution, as it results from a uniform,
fully synchronized, replica of the periodic orbit displayed
by the system in its a-spatial version. Under specific
conditions an external non homogeneous disturbance su-
perposed to the initially synchronized configuration, can
turn unstable. The imposed perturbation grows in time
and the synchronization is eventually lost. Non homo-
geneous patchy like patterns emerge in the non linear
regime of the evolution and represent the late time im-
print of the so called Benjamin-Feir (BF) instability to
which we alluded in the introductory paragraph. When
the CGL dynamics is hosted on a symmetric graph (e. g.
a lattice), the BF instability sets in provided 1+c1c2 < 0,
a condition that we shall obtain as a particular limiting
case of our generalized analysis. Interestingly, when the
graph is made directed, a novel class of instabilities rem-
iniscent of the BF type can develop, for a choice of the
parameter for which the latter are formally impeded on
a symmetric support. To shed light onto this issue is
entirely devoted the remaining part of this paper. We
will in particular begin by considering a CGLE defined
on a asymmetric lattice, with long range couplings. The
adjacency matrix is in this case circulant, an observation
that simplifies the mathematical characterization of the
instability. In the second part of the paper we will turn
to considering the case of an unspecified, directed and
balanced, network and provide an alternative strategy
to outline the conditions that seed the generalized BF
instability.
III. PERIODIC LATTICE WITH ASYMMETRIC
LONG-RANGE COUPLINGS
We begin by considering a specific class of directed reg-
ular lattices. These are periodic lattices, distorted with
the inclusion of asymmetric long-ranged couplings. More
specifically, we will deal with a closed one dimensional
ring composed of N nodes. In a first place, we imagine
each node to be linked to the 2k neighbors, encountered
when circulant the ring clockwise. We also consider self
loops, and thus each node has an identical number of
connections M = 2k + 1. Links are unweighted but this
latter assumption can be easily relaxed. The binary adja-
cency matrix which characterizes the introduced network
is hence circulant, and balanced by definition. Starting
from this setting, one can recursively apply a one-step
shift operator to this latter adjacency matrix, to pro-
gressively reduce the imposed degree of asymmetry and
eventually recover a symmetric network of inter-nodes
connections. Label with n 6 k the positive integer which
measures the number of repeated applications of the shift
operator: for n = 0, the lattice is completely asymmet-
ric, while the symmetry is restored for n = k. As we
will make clear in the following, understanding the class
of instabilities that we here aim at describing amounts
to characterize the spectrum of ∆, the Laplacian opera-
tor. For this reason, we will begin by characterizing the
eigenvalues and eigenvectors of ∆, assuming the specific
family of adjacency matrix outlined above.
A straightforward computation yields the following ex-
pression for the eigenvalues of ∆
Λ(α) = 1−M +
M−n−1∑
l=1
wlα +
N−1∑
l=N−n
wlα (2)
and the associated eigenvectors read
Φ
(α) =
1√
N
(
1, wα, w
2
α, w
3
α, . . . , w
N−1
α
)T
(3)
where wα = exp(2piiα/N) for α = 0, . . . , N − 1.
It is important to remark that, for this specific class
of networks, Eq. (1) admits a family of solutions of the
type:
W
TW = ρeiωt (4)
3where ω is real. Conversely, ρ is a complex quantity
which satisfies the constraint:
ρ = ηβΦ
(β) (5)
for all β = 0, . . . , N − 1 and where we have omitted the
index β on the left hand side of the equation. The label
TW in Eq. (4) stands for traveling wave, as the above so-
lutions share similarities with the traveling planar waves
that manifest on a ordinary symmetric lattice with near-
est neighbors couplings.
Inserting Eq. (4) and (5) into (1), and recalling that
|Φ(β)j | = 1/
√
N ∀β, we get
|ρ|2 ≡ |ρj |2 = Λ(β)Re − c1Λ(β)Im + 1 (6)
and thus
ω = −c2|ρ|2 + c1Λ(β)Re + Λ(β)Im (7)
It is worth emphasizing that Eq. (4) includes as a
particular solution the homogeneous limit cycle WLC in-
troduced above. This latter solution is in fact recovered
for β = 0 which gives Λ
(0)
Re = Λ
(0)
Im = 0 and, consequently,
ω = −c2 and |ρ| = 1.
To proceed in the analysis we set down to investigate
the stability of solutions (4). To this end we introduce
a non homogeneous perturbation, which modifies the ze-
roth order solution WTW as:
Wj = W
TW
j
(
1 + a+(t)Φ
(α)
j + a−(t)Φ¯
(α)
j
)
(8)
where the bar stands for the complex conjugate. The
time dependent perturbations a+ and a− are assumed
small. By inserting Eq. (4) and Eq. (8) into Eq. (1),
developing in the perturbation amount and arresting the
expansion at the linear order of approximation, one even-
tually gets:
d
dt
(
a+
a¯−
)
= J
(
a+
a¯−
)
where the entries of matrix J read
J11 = 1− iω − 2(1 + ic2)|ρ|2 + (1 + ic1)Λ(α+β)
J12 = J¯21 = −(1 + ic2)|ρ|2
J22 = 1 + iω − 2(1− ic2)|ρ|2 + (1− ic1)Λ(α−β).
(9)
To carry out the calculation we made explicit use of the
following relation:
Φ
(α)
j Φ
(β)
j =
1√
N
Φ
(mod(α+β,N))
j (10)
where mod(·, N) is the standard modulo N operation.
The above expression holds true because of the circu-
lant nature of the Laplacian matrix. This latter condi-
tion cannot be invoked in general, a fact on which we
shall return in the second part of the paper. The char-
acteristic polynomial associated to matrix (9) yields the
so called dispersion relation, a function of Λ(α±β) (the
network analogues of the spatial wavelength), which ul-
timately determines the stability of WTW . More specif-
ically, compute the eigenvalues λ(α,β) of matrix (9) and
select the largest real part, λ
(α,β)
Re . If λ
(α,β)
Re is positive
for some Λ(α±β), the TW solution is unstable to external
non homogeneous perturbation.
The above general framework enables us to probe the
stability of the limit cycle solution, the homogeneous con-
figurationWLC characterized by a collection of fully syn-
chronized oscillators. To this purpose set β = 0 and de-
note with λ+(α) = λ(α,0) the eigenvalue of the matrix J
with largest real part. By definition λ+(0) = λ(0,0) = 0.
To grasp the behavior of λ+ in the vicinity of α = 0 we
perform a Taylor expansion of λ+(α) in terms of α/N ,
treated as a continuum variable. A straightforward cal-
culation returns:
λ+ ≃ 2pii (1 + c1c2) (k − n)M α
N
+
{
−1
6
M [k (4k + 1) + 3n (n− 2k)] (1 + c1c2)
1
2
(k − n)2M2c21
(
1 + c22
)}
4pi2
α2
N2
(11)
The real part of λ+ is therefore positive provided
− 1
3
[k (4k + 1) + 3n (n− 2k)] (1 + c1c2)
+ (k − n)2Mc21
(
1 + c22
)
> 0 (12)
When the two control parameters (c1, c2) are chosen so as
to match the above condition, the instability can develop
and the fully synchronized state gets consequently dis-
rupted. For any given choice of the pair (c1, c2), one can
quantify from Eq. (12) the degree of the imposed asym-
metry (the smaller n the more pronounced the asymme-
try) that is to be enforced for the instability to develop.
Incidentally, we remark that Eq. (12) constitutes the
natural generalization of the homologous condition ob-
tained in [17] for a CGLE with drift, on a continuous
spatial support: the real quantity γ therein defined (the
ratio of the drift velocity and diffusion constants) is now
formally replaced by a non trivial function of the model
parameters M , n and k.
To benchmark the above conclusion to the conven-
tional framework, consider the limiting case of a sym-
metric matrix of connections, which amounts to selecting
n = k in (12) to obtain:
1 + c1c2 < 0 (13)
namely the classical BF condition for the onset of the
instability and its consequent synchronization loss. This
latter condition is clearly more restrictive than the one
derived for an asymmetric lattice of the type introduced
above, for any choice of the shift parameter n > 1. In
practical terms, the imposed degree of asymmetry facil-
itates the dawning of a BF like instability, which can
4therefore develop in a region of the reference plane (c1, c2)
for which it is formally impeded in the symmetric set-
ting. The usual BF instability is known to give rise to
non homogeneous and intermittent, patchy density dis-
tributions. In [17] both TW solutions and heterogeneous
patterns have been shown to occur in the extended re-
gion of BF instability, when operating on a continuum
support, with a CGLE forced with a drift term. TW so-
lutions are found when non homogeneous perturbation of
a LC solution triggers a mode that is a stable attractor
of the CGL dynamics. Patterns are conversely obtained
when the selected mode is unstable: the perturbation
is no longer localized and spread to involve a, possibly
large, collection of independent modes. What is going
to happen when the system is instead hosted on a dis-
crete asymmetric support? To answer to this question is
entirely devoted the remaining part of this Section.
To elaborate on this point, we assign the constants c1
and c2 so as to operate in the region of the asymmetry
driven BF instability, as dictated by Eq. (12). In Fig.
1 (a) we display the dispersion relation λ
(α,0)
Re ≡ λ(α)Re
as a function of −Λ(α)Re . The curve stays positive over
a finite domain in −Λ(α)Re , thus signaling the presence
of an instability. In the linear regime of the evolution,
the discrete modes that are made dynamically unstable,
grow and take the system away from the initial synchro-
nized configuration. For this specific choice of parame-
ters, one can show that the most unstable mode, iden-
tified by the integer αc, is a stable stationary solution
of the CGLE. Mathematically, λ
(α,αc)
Re < 0, following the
notation defined above. Similarly, the modes immedi-
ately adjacent to that associated to the global maximum
of the dispersion relation, are also attractive equilibria of
the CGLE. One can reasonably guess that the perturba-
tion will eventually stabilize in a TW equilibrium of the
type introduced in Eq. (4), with β = αc as it happens
for the continuum homologue system discussed in [17].
For the discrete setting, however, the dispersion relation
is discontinuous and finite gaps separate adjacent active
modes. There is therefore a finite probability that the
initially imposed random perturbation pushes the sys-
tem towards the basin of attraction of a stationary TW
solution (4) characterized by β 6= αc. We should also
remark that the eigenvalues of the Laplacian operator
come in conjugated complex pairs. Two distinct modes
hide behind every symbol of the dispersion relation pro-
file, as depicted in Fig. 1 (a). The mode that grows
faster in the linear regime of the evolution is dynami-
cally favored and hence outperforms the other. This is
the one that maximises |ρ|2 in Eq. (6), as it follows from
a straightforward calculation (not showed here).
To challenge the above interpretative picture we have
carried out a campaign of simulations. The outcome of
an individual realization is reported in Fig. 1 (b) upon
projecting the recorded signal on the basis formed by the
eigenvectors of the Laplacian operator (see Appendix for
further details). An isolated peak is evidently found, con-
firming that the evolution self-consistently stabilizes one
individual mode. In panels (c) and (d) of Fig. 1 we com-
pare the measured value of |ρ|2 and ω (symbols) vs. the
theoretical predictions (6) and (7) (solid lines), for differ-
ent values of the control parameter c1 (and for fixed c2).
The symbols are obtained by averaging the results ob-
tained for different realizations of the imposed noise and
the error bars testify on the degree of variability of the
measure. The three solid lines, depicted with different
colors, are drawn by considering the most unstable mode
(αc = 17), and the right and left nearest neighbors modes
(rep. α = 15 and α = 19). The symbols nicely populate
the region that is enclosed between the two outer lines.
More importantly, in the inset of panels (c) and (d) of
Fig. 1, we report the result of each individual simula-
tion without taking any ensemble average. The symbols
fall exactly on top of one of the three depicted lines, so
providing an a posteriori validation for the mechanism
imagined above. The asymmetry enforced at the level of
oscillators’ couplings can destroy the LC synchrony, be-
yond the region of classical BF instability. Remarkably,
the initial perturbation can eventually materialize in dif-
ferent TW solutions, which bear the indirect imprint of
the linear dispersion relation in the vicinity of its global
maximum.
Depending on the specific choice of the model parame-
ters c1 and c2 more complex scenarios are however possi-
ble. As it happens in the continuum limit [17], the CGLE
defined on an asymmetric discrete lattice can generate
a rich gallery of patterns, reminiscent of the BF type.
These patterns are however established outside the re-
gion deputed to the BF instability on a symmetric sup-
port, or, to state it differently, they occur for a choice of
the parameters for which the synchronized configuration
is classically predicted to be stable. This result is illus-
trated via a composite collections of panels assembled in
Fig. 2, which refers to the specific setting M = 5 and
n = 1.
To further corroborate our speculative interpretation,
we set down to analyze the pattern of panel (c). Fol-
lowing the protocol discussed above, we decompose the
signal on the basis formed by the eigenvectors of matrix
∆. The results are plotted in Fig. 3: at variance with
the case that lead to Fig. 1 (b), several modes are si-
multaneously active an observation that contributes to
explain the complex nature of the generated patterns.
The dashed lines in panel (a) of Fig. 2 stand for the
generalized condition of LC instability as specified by Eq.
(12). The solid lines mark the transition to the classical
domain of BF instability, as obtained when operating
with a symmetric web of connections. For all values of
(c1, c2) which fall inside the regions respectively delimited
by the dashed and solid lines, non homogeneous pertur-
bation magnifies and eventually destroys the perfect syn-
chrony of the uniform limit cycle solution. The maximum
of the dispersion relation λ
(α,0)
Re , when positive, is dis-
played with an apt color code, to confirm the theory pre-
dictions. We here solely scan the region 1+c1c2 > 0, thus
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FIG. 1: Instability on an asymmetric circulant network made of N = 100 nodes and generated with M = 5 and n = 1. Panel
(a): Real part of the dispersion relation λ
(α,0)
Re ≡ λ
(α)
Re as a function of −Λ
(α)
Re (magenta (online) triangles). The maximum
value of λ
(α)
Re is found at αc = 17. The solid black line originates from the continuous theory. Main panel b): Real (orange
(online) squares) and imaginary (green (online) dots) components of the vector η obtained from one individual simulation of
the CGLE. The LC synchronized state is initially perturbed with a tiny random disturbance. Inset of panel (b): modulus of
η. To numerically calculate η we have recorded the late time solution of Eq. (1), and multiplied the vector corresponding to
the last temporal iteration by the inverse of the matrix whose columns are formed by the eigenvectors Φ(α) (see Appendix for
further technical aspects). In panels (a) and (b) parameters are set as c1 = 5 and c2 = 0.2. Panel (c): average amplitude
perturbations as a function of c1 (c2 = 0.2 is kept fixed). The solid lines correspond to the prediction given by Eq. (5) for three
different choices of the critical index αc (turquoise αc = 15, green αc = 17 and magenta αc = 19). The (orange online) points in
the inset originate from 10 numerical integration of Eq. (1) with different initial realizations of the noise. The (orange online)
triangles in the main plot represent the averaged computed quantities. The error bars correspond to one standard deviation.
Panel (d) shows the comparison between the theoretical prediction of Eq. (7) and the data obtained by direct integration of
Eq. (1), as earlier described. Symbols and colors are chosen consistently with those described in the caption of panel (c).
leaving aside the portion of the parameter plane which is
customarily associated to the BF instability. Notice that
the dashed lines accurately delineate the boundary of the
region of interests, despite the approximations involved
in the derivation of Eq. (12).
Recall that αc identifies location of the maximum of
λ
(α,0)
Re . In other terms, αc refers to the most unsta-
ble mode, among those selected by the inhomogeneous
perturbation which is assumed to shake the synchro-
nized LC configuration. Label with λ
(α,αc)
Re the maxi-
mum of the dispersion relation, that quantifies the stabil-
ity of the TW solution associated to mode Φ(αc). When
λ
(α,αc)
Re ≤ 0, the mode that is spontaneously triggered fol-
lowing a modulational instability of the generalized BF
type can eventually stabilize, in the non linear regime of
6FIG. 2: Panel (a): the solid lines mark the transition to the BF instability, for an asymmetric networks of couplings. The dashed
lines stem from condition (12). The color refers to the maximum of the dispersion relation λ
(α,0)
Re . When positive λ
(α,0)
Re > 0,
the synchronized state is unstable to external perturbations. Panel (b): λ
(α,αc)
Re is plotted with a proper color code, in the
reference plan (c1, c2). Almost everywhere, λ
(α,αc)
Re > 0 signaling that the TW solution associated to αc is generically unstable.
Panels (c) and (d) show the evolution of the modulus of the complex amplitude Wi(t) for, respectively, (c1, c2) = (2, 5) and
(c1, c2) = (1,−5). In panel (e) the real part of Wi(t) is displayed for (c1, c2) = (5, 0.2). Patterns in panels (c) and (e) are
obtained from direct numerical integration of Eq. (1) on an asymmetric lattice of the type described in the main body of the
paper, with N = 100 nodes,M = 5 and n = 1. The pattern displayed in panel (d) is obtained for n = 2 (symmetric long-ranged
lattice).
the evolution. Conversely, when λ
(α,αc)
Re > 0, the instabil-
ity interests a hierarchy of independent modes, possibly
yielding structured patterns, the byproduct of the afore-
mentioned unpredictable mixing. To validate this inter-
pretative scenario, that we put forward building on the
analogy with the discussion in [17], we report in panel
(b) of Fig. 2 the quantity λ
(α,αc)
Re , scanning the region
of (c1, c2) where the asymmetry driven instability takes
place. As one can readily appreciate, the TW solution
that corresponds to the eigenvector Φ(αc) is stable close
to the horizontal axis, hence for small values of c2, which
is, incidentally, the case that we have examined in Fig.
1. By performing a direct integration of the CGLE for
a choice of the parameters that, according to the scheme
outlined above, points to the TW stability, we obtain the
asymptotic solution reported in panel (e), where the real
part ofWi is displayed. The simulation assumes an initial
uniform LC state, modulated with a tiny non homoge-
neous perturbation. When the parameters (c1, c2) are in-
stead selected so as to have the system in the region with
λ
(α,αc)
Re > 0, the modulus of the complex amplitude Wj
develops patchy patterns, in space and time, as shown in
panel (c) of Fig. 2. These latter patterns closely resem-
ble those obtained in the region conventionally deputed
to the BF instability: to help comparison, in panel (d)
we report the pattern obtained for a symmetric (n = 2,
M = 5) lattice of connections between oscillators.
Starting from this setting, it would be interesting to
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FIG. 3: Main panel: real (orange squares) and imaginary
(green dots) components of the vector η, obtained by pro-
cessing the late time pattern, as described in the main body
of the paper. Inset: the modulus of η is plotted. Here, c1 = 2
and c2 = 5. Notice that this is the choice of the parameters
that led to panel (c) in Fig. 2.
extend the analysis beyond the case here considered,
namely by relaxing the hypothesis of dealing with a cir-
culant matrix of connections. This latter modification
yields important consequences. First of all, the quan-
tity |Φ(α)j |, the modulus of each individual component j
of the Laplacian eigenvector Φ(α), is not constant, but,
instead, depends on the indexes j and α. Hence, the
cubic term in the CGLE cannot be simply managed, as
opposed to what it happens for the simplified case ex-
amined in this Section. Consequently, the TW ansatz
(4), complemented with Eq. (5), cannot be invoked as a
prototypical solution for the general formulation of the
problem. If the network of connections is however bal-
anced (identical incoming and outgoing connectivity, per
node), the homogeneous limit cycle Wj ≡WLC is still a
solution of the CGLE. We can therefore perform a lin-
ear stability analysis around such an homogeneous, time
dependent, solution to elaborate on the conditions that
result in a loss of the initial synchronization, as follows
the introduction of a non homogeneous disturbance. To
address this point is entirely devoted the forthcoming
Section.
IV. THE CASE OF A GENERIC BALANCED
AND DIRECTED NETWORK
As anticipated above, we now turn to considering the
case of a CGLE defined on a directed, heterogeneous
although balanced, network. Since the network of mu-
tual connections is balanced, the uniform limit cycle, a
fully synchronized replica of the periodic orbit of the a-
spatial system, solves the spatially extended CGLE. We
are here interested in isolating the parameters condition
that yields a loss of synchronization, when the uniform
state is altered with the injection of a non homogeneous
perturbation. To carry out the linear stability analysis,
we shall follow an apt procedure, inspired to those re-
ported in [28, 29]. We will in particular schematize the
imposed perturbation as:
Wj(t) =W
LC(t)(1 + νj(t))e
iθj(t)
and insert the above ansatz into Eq. (1). By linearizing
around the uniform solution νj = 0 and θj = 0, one
eventually gets:
(
ν˙j
θ˙j
)
=
( −2 0
−2c2 0
)(
νj
θj
)
+
N∑
k=1
∆jk
(
1 −c1
c1 1
)(
νk
θk
)
.
(14)
To proceed with the analysis, we introduce the eigen-
vectors Φ(α) of the Laplacian operator ∆. In formulae
∆Φ
(α) = Λ(α)Φ(α). We further assume that the eigen-
vectors Φ(α) are linearly independent. This is not always
the case when the underlying graph is directed. For this
reason, the diagonalizability of the Laplacian matrix is
a minimal requirement that needs to be satisfied for the
following analytical treatment to hold true. Under this
working assumption, one can expand the perturbations
νj and θj as:
(
νj
θj
)
=
N∑
α=1
(
ν(α)
θ(α)
)
eλ
(α)tΦ
(α)
j (15)
where ν(α) and θ(α) denote the expansion coefficients,
while λ(α) sets the characteristic growth rate of the α-th
mode. Plugging expressions (15) into Eq. (14) yields the
following condition:
det
(−2 + Λ(α) − λ(α) −c1Λ(α)
−2c2 + c1Λ(α) Λ(α) − λ(α)
)
= 0 (16)
that should be matched by λ(α), the complex quantity
which sets the rate of the exponential growth of the per-
turbation. Equivalently, in a more compact notation, we
require det
(
Jα − λ(α)I2
)
= 0 with:
Jα =
( −2 + Λ(α) −c1Λ(α)
−2c2 + c1Λ(α) Λ(α)
)
.
Recall that Λ(α) is a complex quantity, as the underlying
network is assumed directed, and the associated Lapla-
cian consequently asymmetric. Furthermore, we remind
that Λ
(α)
Re < 0, since the spectrum of the Laplacian matrix
falls in the left half of the complex plane, according to
the Gerschgorin circle theorem [30]. A simple algebraic
manipulation yields therefore the following relation, with
8an obvious meaning of the adopted notation:
(trJα)Re = −2 + 2Λ(α)Re
(trJα)Im = 2Λ
(α)
Im
(detJα)Re = −2Λ(α)Re + (Λ(α)Re )2 − (Λ(α)Im)2
− 2c1c2Λ(α)Re + c21
[
(Λ
(α)
Re )
2 − (Λ(α)Im)2
]
(detJα)Im = −2Λ(α)Im + 2(1 + c21)Λ(α)Re Λ(α)Im
− 2c1c2Λ(α)ImΛ(α)Im
(17)
The quantity λ(α), stemming from Eq. (16), writes there-
fore:
λ(α) =
1
2
[(trJα)Re + γ] +
1
2
[(trJα)Im + δ] i (18)
where:
γ =
√
a+
√
a2 + b2
2
(19)
δ = sgn(b)
√
−a+√a2 + b2
2
(20)
and:
a = [(trJα)Re]
2 − [(trJα)Im]2 − 4(detJα)Re
b = 2(trJα)Re(trJα)Im − 4(detJα)Im
(21)
As emphasized in [26], diffusion driven instabilities can
develop also when tr(Jα)Re < 0, at variance with what it
happens when the inspected system is hosted on a sym-
metric spatial support. In fact, λ
(α)
Re > 0 if:
|(trJα)Re| 6
√
a+
√
a2 + b2
2
(22)
a condition that can be met for tr(Jα)Re < 0, provided
the symmetry of the couplings is broken and an imagi-
nary component of the Laplacian spectrum is hence ac-
tive. For this reason, this family of instabilities has been
referred to as to topology driven [26]. Indeed, the aim of
this calculation is to generalize the analysis of [26] to the
setting where the unperturbed homogeneous solution is
a time dependent limit cycle and not just a trivial fixed
point. This scenario is here exemplified by the CGLE.
A straightforward, although lengthy, calculation allows
one to recast the condition for the instability in the form:
S2(Λ
(α)
Re ) 6 S1(Λ
(α)
Re )
[
Λ
(α)
Im
]2
(23)
where
S2(Λ
α
Re) = C2,4(Λ
(α)
Re )
4 − C2,3(Λ(α)Re )3 + C2,2(Λ(α)Re )2
− C2,1Λ(α)Re
S1(Λ
α
Re) = C1,2(Λ
α
Re)
2 − C1,1Λ(α)Re + C1,0
(24)
with
C2,4 = 1 + c
2
1
C2,3 = 4 + 2c1c2 + 2c
2
1
C2,2 = 5 + 4c1c2 + c
2
1
C2,1 = 2 + 2c1c2
C1,2 = c
4
1 + c
2
1
C1,1 = 2c
3
1c2 + 2c
2
1
C1,0 = c
2
1(1 + c
2
2) .
(25)
As an obvious consistency check, we remark that Eq.
(23) reduces to S2(Λ
(α)
Re ) < 0 when dropping the imagi-
nary components of Λ(α), or, equivalently, when dealing
with a symmetric network of couplings. It is immedi-
ate to realize that such a limiting inequality yields the
standard BF condition, namely 1 + c1c2 < 0.
The remaining part of this Section is devoted to elabo-
rate on the implications of the above analysis. To this end
we generate a directed network, via a suitable modifica-
tion of the Newman-Watts (NW) algorithm. More specif-
ically, we start from a substrate K-regular ring made of
N nodes. We then add, on average, NKp long-range
directed links, in addition to the links due to the reg-
ular lattice. Here, p ∈ [0, 1] is a probability that can
be chosen by the user and which quantifies the amount
of long-ranged distortion accommodated for. To keep the
network balanced (identical number of incoming and out-
going links, per node), the inclusion of a long-range link
originating from node j is followed by the insertion of
a fixed number (3 is our arbitrary choice) of additional
links to form a loop that closes on j [26].
The generalized condition (23) for the instability on
a directed (balanced) network can be graphically illus-
trated in the reference plane (Λ
(α)
Re ,Λ
(α)
Im). Given the re-
action parameters c1 and c2, one can determine the co-
efficients C1,q(q = 0, ..., 4) and C2,q(q = 0, 1, 2) via the
above Eqs. (25). Inequality (23) enables us to delimit
a region of instability, represented as a shaded domain
in Fig. 4(a). Each eigenvalue of the discrete Laplacian
appears as a localized point in the plan (Λ
(α)
Re ,Λ
(α)
Im). The
instability takes place if a subset of the N eigenvalues
invade the shaded region isolated above. The asymme-
try acts as a crucial ingredient: for an undirected graph,
the points lay on the real (horizontal) axis, thus outside
the predicted domain of instability. In Fig. 4(b) the
dispersion relation λ
(α)
Re is plotted as function of −Λ(α)Re .
The black solid line refers to limiting case of a symmet-
ric (and continuum) support. No instability can develop,
when the symmetry is enforced into the system, as, in this
case, λ
(α)
Re < 0. The discrete collection of points shown
in Fig. 4(a) refers to the directed case, namely the sit-
uation that led to Fig. 4(a). The points lift above the
solid curve and cross the horizontal axis, thus signaling
the presence of a topology driven instability of the uni-
form limit cycle solution. As usual, the instability will
eventually give rise to complex patterns, in the non lin-
9ear regime of the evolution. In the following we will seek
to gain insight into the specific traits of the self-emerging
patterns.
As a preliminary observation, we notice that the
asymptotic signal obtained upon integration of the
CGLE displays a rather simple structure in time. Label
Wj(t) the recorded amplitude on node j at time t, after
the initial transient has been filtered out. By perform-
ing a conventional discrete Fourier transform in time, one
can convincingly conclude that Wj(t) = ρje
iωt where ρj
is a constant (time independent) non homogeneous (node
dependent) rescaled amplitude factor. In other words the
emerging pattern can be seen as a discrete collection of
periodic oscillators, characterized by different amplitudes
(ρj) and identical periods (2pi/ω). Given these facts, is
it possible to obtain an approximated (closed analytical)
solution of the CGLE that matches to some extent the
results of the simulation? The difficulty stems from the
non linear (cubic) term in the CGLE. As already empha-
sized, |Φ(α)j | is not constant over j and for this reason
ansatz (4) – together with (5) – cannot be swiftly in-
voked. On the other hand, it seems plausible to hypoth-
esize that the asymptotic pattern bears the imprint of
the dispersion relation, which holds in the linear regime
of the evolution. More specifically it could be argued that
the spatial properties of the emerging pattern are, at least
approximately, explained in terms of Φ(αc), the eigenvec-
tor associated to the most unstable mode, as identified
via the linear stability analysis. It is therefore tempting
to set:
W(t) ≃ ρ(αc)Φ(αc)eiωαc t (26)
where ρ(αc) and ωαc are quantities that need to be self-
consistently determined. To this end, we propose to ap-
proximate the term |Wj |2 in the CGLE with an constant
expression which follows ansatz (26):
|Wj |2 ≃ |ρ(αc)|2〈|Φ(αc)|2〉 ≡ |ρ(αc)|2 1
N
N∑
k
|Φk(αc)|2
(27)
Importing the above approximation in the CGLE, yields
a linear equation inW. Importantly, relation (26) solves
the obtained equation provided |ρ(αc)| and ωαc match the
following self-consistent conditions:
ωαc + c2|ρ(αc)|2〈|Φ(αc)|2〉 − Λ(αc)Im − c1Λ(αc)Re = 0
−1 + |ρ(αc)|2〈|Φ(αc)|2〉 − Λ(αc)Re + c1Λ(αc)Im = 0
We are therefore in a position to analytically estimate the
unknown quantities ραc (up to a unimportant phase con-
stant) and ωαc and so to challenge the approximate closed
form solution (26) versus direct simulations. The com-
parison is performed in Fig. 4(d) and returns a satisfying
agreement. Only a limited fraction of modes contributes
indeed to the recorded signal. This is manifestly evident
in Fig. 4(c): here, the late time pattern is projected
on the basis of the eigenvectors of the Laplacian opera-
tor, following the procedure described in the Appendix.
This observation motivates a posteriori the choice of hav-
ing proposed the closed approximate solution (26). To
build an ideal bridge with the analysis carried out in
the preceding section, we can interpret the pattern ob-
tained above as an effective quasi-traveling wave profile
which localizes on the most unstable mode, as triggered
by the imposed perturbation. Also in this case, more in-
tricate situations can be generated when the set of unsta-
ble modes gets enlarged, in complete analogy with what
it happens for the simpler setting analyzed in the preced-
ing Section.
V. CONCLUSIONS
The spontaneous ability of spatially extended system
to self-organize in space and time is proverbial and has
been raised to a paradigm in several fields of investiga-
tions. Under specific conditions, trivial homogeneous so-
lutions get destroyed by the injection of a tiny, non ho-
mogeneous perturbation. This latter can in fact grow
exponentially, in the linear regime of the evolution, fol-
lowing an instability mechanism that originates from the
complex interplay between the reaction and diffusion (or,
more generally, spatial) components of the dynamics. In
this paper we have focused on the celebrated Benjamin-
Feir instability within the framework of the Complex
Ginzburg-Landau equation (CGLE), a reference model
for non linear studies. In [17] it was shown that gen-
eralized BF instabilities can set in, instigated by a drift
term, outside the region of parameters for which the con-
ventional BF instability manifests. This latter study as-
sumed a continuum, one dimensional, spatial support. In
this paper, we have taken one step forward by assuming
that the population of discrete non linear oscillators is
linked through a directed network of connections. As we
here proved, directionality drives a degree of anisotropy,
conceptually similar to drift in the continuum represen-
tation, which can trigger the sought instability.
To reach this conclusion we have preliminary consid-
ered a rather specific class of networks, characterized by
a circulant adjacency matrix. Perturbed homogeneous
limit cycles, can give rise to TWs or patchy intermit-
tent patterns, these latter being remarkably similar to
those displayed within the classical BF domain. We then
proceeded to consider the case of a generic, though bal-
anced, directed graph. The conditions that yields the
asymmetry driven BF instability are obtained by adapt-
ing the analysis of [26] to the current setting where the
homogeneous solution depends explicitly on time. An
approximate closed analytical solution is proposed which
enables one to mimic the patterns recorded, via numeri-
cal integration of the CGLE. Overall we have contributed
to the current understanding of topology driven instabil-
ity, elaborating further on the crucial role played by the
network specificity in shaping the, spontaneously emerg-
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FIG. 4: Instability on a network made of N = 100 nodes and generated with a modified NW algorithm with p = 0.27.
Parameters are set as c1 = 1.564 and c2 = 0.675. Panel (a): Instability region (shaded area) predicted by Eq. (22) and
depicted in the plan (Λ
(α)
Re ,Λ
(α)
Im). Cyan dots stand for the eigenvalues of the Laplacian matrix. Panel (b): the (magenta online)
triangles show the dispersion relation given by Eq. (16). The black solid lines originate from the symmetric (and continuous)
counterpart. Panel (c): the late time pattern, stemming from the instability, projected on the basis formed by the eigenvectors
of the Laplacian operator (see Appendix for details on the procedure). Real (orange (online) squares), the imaginary (green
(online) circles) and the modulus (blue (online) triangles) of the vector η are displayed. Panels (d): comparison between (i) the
real and imaginary components ofW – as obtained via direct numerical integration of Eq. (1) – (orange (online) squares) and
(ii) an the approximate solution (26) (green (online) circles) which uniquely account for the most unstable mode, as identified
by dispersion relation relation analysis.
ing, spatially extended patterns.
Appendix
Let us denote by F the N ×N matrix whose columns
consist of the eigenvectors Φ(α) of the Laplacian matrix
∆. Since the eigenvectors form a complete basis, we can
express the amplitude vector ρ (see Eq. (4)) in terms of
this novel basis, through the following change of variables
ρ = Fη (28)
where η is the vector of the new coordinates.
To compute η numerically we proceed as follows. First,
we numerically integrate the CGLE and then record the
late time solutionW. Then, we estimate numerically the
frequency ω, by processing the registered signalW via a
standard time discrete Fourier Transform. By recalling
that F is invertible, one gets:
η = F−1We−iωt . (29)
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